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Introduction 
The 3d N=2 gauge theories are expected to be 
geometrically engineered by 3-manifolds. Inspired by 
DGG’s work, we propose a Dehn surgery construction, 
after taking into account both physical aspects and 
various properties of 3-manifolds.


Motivation 
In 2302.13371, from physical perspectives we found 
that various 3d abelian dualities can be generalized by 
gauging global symmetries, in which matter fields and 
mixed Chern-Simons levels are compulsory. To describe 
various dualities, we proposed a special type of quiver 
diagrams, which match with plumbing graphs of 3-
manifolds, but is a generalized version due to the 
presence of chiral multiplets. 

However, 3-manifolds themselves cannot give matters. 
This motivates us to think about the corresponding 
geometric objects for matters.


Result 
In 2310.07624, we found that matters are engineered by 
Ooguri-Vafa(OV) defects, which was originally 
introduced to give Wilson loops in Chern-Simons 
theories. But in our setting, OV defects can introduce 
chiral multiplets. Dehn surgery construction is as 
follows. First, one wraps a single M5-brane on the bulk 
3-manifolds to get a pure gauge theory T[ ]. Note that 
the knot for  can be transformed into links by Kirby 
moves. Second, a M5-brane wraps on external non-
compact Lagrangian 3-manifolds (OV defect) on the 
tangent bundle of  to engineer matters.
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Evidence-I 
OV defect is dual to a D5-brane of 3d brane webs in 
type IIB string theory. Some 3d brane webs are already 
known to be given by D3-NS5-D5. We note that surgery 
construction can even suggest new brane webs.
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Example 
One can introduce many OV defects on a 3-manifold 
given by Dehn surgery along links. For instance, a 
theory with two U(1)_k gauge groups and three chiral 
multiplets with various charges can be represented as 
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where the right graph is the plumbing graph. The black 
nodes denote gauge groups, and gray boxes denote 
matters. Numbers are charges or CS levels.

Kirby moves and rational equivalent surgery 
To find more evidence, we should compare geometry and 
physics. To begin with, 3-manifolds have equivalent 
surgeries, such as Kirby moves of α- and β-types. Kirby-α 
is shown in literature as integrating out/in gauge fields, 
which can be promoted as ST-moves (gauged mirror 
duality) in the presence of matter.
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<latexit sha1_base64="jPrAcCtVu3jhKRyDerG3EB0oA4Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3CmM7g==</latexit>s<latexit sha1_base64="rn+eXphtlL08OLH9oA4DyDPojjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2qWM7Q==</latexit>r
<latexit sha1_base64="sTmqsko05YCr2ghkhZbLkfP1/Qw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSIIQtktRT0WvHisYD+kXUo2zbahSTYkWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vbX1jc2t7cJOcXdv/+CwdHTcMkmqCW2ShCe6E2FDOZO0aZnltKM0xSLitB2Nb2d++4lqwxL5YCeKhgIPJYsZwdZJj/rS9JRA1XG/VPYr/hxolQQ5KUOORr/01RskJBVUWsKxMd3AVzbMsLaMcDot9lJDFSZjPKRdRyUW1ITZ/OApOnfKAMWJdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MY3YcakSi2VZLEoTjmyCZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq6EILll1dJq1oJriq1+1q57udxFOAUzuACAriGOtxBA5pAQMAzvMKbp70X7937WLSuefnMCfyB9/kD90yP0Q==</latexit>

r + s± 2k
<latexit sha1_base64="rn+eXphtlL08OLH9oA4DyDPojjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2qWM7Q==</latexit>r

which can be promoted to a geometric operation (not a 
duality) of introducing an OV defect.

This Kirby-β along with ST-moves suggest that a matter 
(OV defect) should correspond to a circle with framing 
number- , which is the intersection of  and OV defect, 
and we call it matter circle, and denote it by

∞ M3

Kirby-β is known as handle sides, which are the 
recombinations of circles for Dehn surgery.

<latexit sha1_base64="TkmLW3XPk/7WdQogIC1bvkKelJ4=">AAAB6XicbVBNS8NAEJ34WetX1aOXpUUQhJJIUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68fqniVt05yCrxclKBHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpHVZ9a6qtftapV7O4yjAKZThHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH9omjNM=</latexit>

+1
<latexit sha1_base64="xEOdUExXyjUa7Atj0SVxHtwm1Xk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOQU9iVoB4DXjxGzQuSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj27nffuLaiFg1cJJwP6JDJULBKFrp4bHRL5bcirsAWSdeRkqQod4vfvUGMUsjrpBJakzXcxP0p1SjYJLPCr3U8ISyMR3yrqWKRtz408WlM3JhlQEJY21LIVmovyemNDJmEgW2M6I4MqveXPzP66YY3vhToZIUuWLLRWEqCcZk/jYZCM0ZyokllGlhbyVsRDVlaMMp2BC81ZfXSeuy4l1VqvfVUq2cxZGHMziHMnhwDTW4gzo0gUEIz/AKb87YeXHenY9la87JZk7hD5zPH03XjSQ=</latexit>

ST
<latexit sha1_base64="islU0mzdloBIsfZmr1y4AFdCmZo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokU9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0riredaXaqJZrF3kcBTiFM7gED26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDzQeM3A==</latexit>

k

<latexit sha1_base64="XZwQ4sfm5SvONf3HLxAk1D17b9o=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IruGqEcSLx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpdl76pcqVdK1fMsjjycwClcgAfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANYfjOI=</latexit>q
<latexit sha1_base64="BdgQkdCJy2xTbPVlY9FRB9aIfTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mkqMeCF48VTFtoQ9lsN+3S3U3c3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsr+f1EoMdBtebW3RxolXgFqUGB1qD61R/GJBVUGsKx1j3PTUyQYWUY4XRW6aeaJphM8Ij2LJVYUB1k+bEzdGaVIYpiZUsalKu/JzIstJ6K0HYKbMZ62ZuL/3m91EQ3QcZkkhoqyWJRlHJkYjT/HA2ZosTwqSWYKGZvRWSMFSbG5lOxIXjLL6+S9mXdu6o37hu15nkRRxlO4BQuwINraMIdtMAHAgye4RXeHOm8OO/Ox6K15BQzx/AHzucPeIaOYw==</latexit>±q

<latexit sha1_base64="Zi67lMAr/ZYNKlSEiNj6KaeJM5Q=">AAAB7HicbVBNSwMxEJ34WetX1aOXYFE8lV0p6rHgxWMFty20S8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx3cxvPzFteKIe7SRloSRDxWNOiXVS0Esl9vuVqlfz5sCrxC9IFQo0+5Wv3iChmWTKUkGM6fpeasOcaMupYNNyLzMsJXRMhqzrqCKSmTCfHzvF504Z4DjRrpTFc/X3RE6kMRMZuU5J7MgsezPxP6+b2fg2zLlKM8sUXSyKM4Ftgmef4wHXjFoxcYRQzd2tmI6IJtS6fMouBH/55VXSuqr517X6Q73auCjiKMEpnMEl+HADDbiHJgRAgcMzvMIbUugFvaOPResaKmZO4A/Q5w8Xho4j</latexit>

±1
<latexit sha1_base64="dCF6BzpUGmfnJbREDZcSRhkt7rE=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRqLxRHYJQY8kXjxiIh8JrKRbutDQdpe2a0I2/AkvHjTGq3/Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDv3209UaRbJBzONqS/wULKQEWys1Bn3YoEmj5V+seSW3QXQOvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwums0Es0jTEZ4yHtWiqxoNpPF/fO0IVVBiiMlC1p0EL9PZFiofVUBLZTYDPSq95c/M/rJia88VMm48RQSZaLwoQjE6H582jAFCWGTy3BRDF7KyIjrDAxNqKCDcFbfXmdtCplr1au3ldL9cssjjycwTlcgQfXUIc7aEATCHB4hld4cybOi/PufCxbc042cwp/4Hz+AGq5j3w=</latexit>

k ± q2

◯∞

On the neighborhood of -circe, there is an identical 
Dehn surgery, and what follows is that rational equivalent 
surgery found by Rolfsen can be applied to turn it into a 
Lens space . Applying these in turn we find a more 
deep geometric interpretation for ST-moves. More details 
are in 2310.07624.

∞

S3
±1

<latexit sha1_base64="Cy1j4x36XwOh/i6krPsqQ+3Cty4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx517Wr5lWlXs3jKMIZnEMVPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHzaGM3g==</latexit>

k

<latexit sha1_base64="ri9Vd0zEBK1DcCc3nNCaX/Nxy4A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2A9oQ9lsN+3azSbsToRQ+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gFnC/YiOlAgFo2ildl+oELNBueLW3AXIOvFyUoEczUH5qz+MWRpxhUxSY3qem6A/pRoFk3xW6qeGJ5RN6Ij3LFU04safLq6dkQurDEkYa1sKyUL9PTGlkTFZFNjOiOLYrHpz8T+vl2J440+FSlLkii0XhakkGJP562QoNGcoM0so08LeStiYasrQBlSyIXirL6+T9mXNu6rV7+uVRjWPowhncA5V8OAaGnAHTWgBg0d4hld4c2LnxXl3PpatBSefOYU/cD5/AL1Ljys=</latexit>1 <latexit sha1_base64="lezIJsn5JWlOnVU+AKftIuTeRLs=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVoB4DXjxGcBMhWcLsZDYZMo9lZlYIS77BiwdFvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vdLG5tb2Tnm3srd/cHhUPT7pGJVpQkOiuNKPMTaUM0lDyyynj6mmWMScduPJ7dzvPlFtmJIPdprSSOCRZAkj2Dop7KcCBYNqzW/4C6B1EhSkBgXag+pXf6hIJqi0hGNjeoGf2ijH2jLC6azSzwxNMZngEe05KrGgJsoXx87QhVOGKFHalbRoof6eyLEwZipi1ymwHZtVby7+5/Uym9xEOZNpZqkky0VJxpFVaP45GjJNieVTRzDRzN2KyBhrTKzLp+JCCFZfXiedy0Zw1WjeN2utehFHGc7gHOoQwDW04A7aEAIBBs/wCm+e9F68d+9j2VryiplT+APv8wcYII4l</latexit>

±1

<latexit sha1_base64="igt/KY9UaKq6CyalYOFkAuiHVfA=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLCiewSgh5JvHjERD4SWEm3dKGh7S5t14Rs+BNePGiMV/+ON/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOzto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5Hbhd56o0iySD2YWU1/gkWQhI9hYqTvpxwJNH6uDYsmtuEugTeJlpAQZmoPiV38YkURQaQjHWvc8NzZ+ipVhhNN5oZ9oGmMywSPas1RiQbWfLu+doyurDFEYKVvSoKX6eyLFQuuZCGynwGas172F+J/XS0x446dMxomhkqwWhQlHJkKL59GQKUoMn1mCiWL2VkTGWGFibEQFG4K3/vImaVcrXr1Su6+VGuUsjjxcwCWUwYNraMAdNKEFBDg8wyu8OVPnxXl3PlatOSebOYc/cD5/AGtTj34=</latexit>

k ± q2

Application 
Matter circles as elements in the fundamental group 

, enable one to intuitively read off gauge theories 
and manipulate 3-manifolds.

π1(S3\K )

Dictionary, evidence-II 
In sum, physical dualities are interpreted as various 
geometric transformations. Structures of 3-manifolds 
perfectly agree with physical aspects of 3d gauge 
theories.


<latexit sha1_base64="phHqqIjU28RsT5FHSh0oIV9spEw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBQ8hV0J6jHgxWPEvCRZwuykkwyZnV1mesWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNoc4jGelWwAxIoaCOAiW0Yg0sDCQ0g9HN1G8+gjYiUjUcx+CHbKBEX3CGVnroIDxhel+bdAtFt+TOQJeJl5EiyVDtFr46vYgnISjkkhnT9twY/ZRpFFzCJN9JDMSMj9gA2pYqFoLx09nBE3pmlR7tR9qWQjpTf0+kLDRmHAa2M2Q4NIveVPzPayfYv/ZToeIEQfH5on4iKUZ0+j3tCQ0c5dgSxrWwt1I+ZJpxtBnlbQje4svLpHFR8i5L5btysXKaxZEjx+SEnBOPXJEKuSVVUiechOSZvJI3RzsvzrvzMW9dcbKZI/IHzucPD/+Qfw==</latexit>

ST

Open problems 
Matter knots and superpotentials.



